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Abstract. We study a new family of models of the sine-Gordon type, starting from the sine-Gordon model,
including the double sine-Gordon, the triple one, and so on. The models appears as deformations of the
starting model, with the deformation controlled by two parameters, one very small, used to control a
linear expansion on it, and the other, which specifies the particular model in the family of models. We
investigate the presence of topological defects, showing how the solutions can be constructed explicitly
from the topological defects of the sine-Gordon model itself. In particular, we delve into the double sine-
Gordon model in a braneworld scenario with a single extra dimension of infinite extent, showing that a
stable gravity scenario is admissible. Also, we briefly show that the deformation procedure can be used
iteratively, leading to a diversity of possibilities to construct families of models of the sine-Gordon type.
PACS. PACS-key 11.10. Lm, 11.27. +d
1 Introduction
Topological defects appear in nature in a diversity of con-
texts. They are of current interest in several branches of
nonlinear science, in particular in high energy and con-
densed matter physics, where they can be used to describe
phase transitions in the early universe, map interfaces sep-
arating distinct regions and contribute to pattern forma-
tion in nature [1,2,3,4]. An interesting recent example re-
garding the use of topological defects concerns the study
of magnetic domain wall in a nanowire, intended for the
development of magnetic memory [5]. Other investigations
of current interest, concerning topological defects in high
energy physics, can be found for instance in Refs. [6,7].
In this work we study the presence of topological de-
fects in relativistic models described by a real scalar field
φ in p1, 1q spacetime dimensions. We focus attention on
the deformation procedure, a method introduced in [8],
and further used to describe the presence of topological
defects in models described by scalar fields in a diversity
of scenarios; see, e. g., Refs. [9,10,11]. In particular, in
[11] one investigated a new family of sine-Gordon models,
engendering interesting features.
The results obtained in Refs. [8,9,10,11] inspired us to
study the new family of models, which we introduce in the
current work. Here we start with the sine-Gordon model,
and subsequently a deformation function controlled by two
Send offprint requests to:
parameters shall be used. One parameter is very small, in-
ducing a small deviation from the identity and the other
allowing to specify the member in the family of models. A
direct advantage of this procedure is that the implemen-
tation is straightforward, leading to potentials of direct
interest to practical applications. Another advantage is
that the small parameter prominently helps us to find the
topological solutions and the corresponding energy densi-
ties associated to the deformed models explicitly, in the
several distinct topological sectors of the models.
The family of models introduced in this work can be
used in a diversity of contexts, in particular, to study is-
sues suggested in Ref. [12]. Another route of current inter-
est concerns the investigation of braneworld models [13]
with distinct solutions. The sine-Gordon model was used
in [14] to generate a stable braneworld model, and this
could guide us to investigate the issue when the scalar field
describes a particular member in the family of models in-
troduced in this work. See also [15,16], for other recent
studies on this model in warped spacetime. For pedagogi-
cal motivation, the work is organized as follows: in Sec. II
we introduce the necessary background for the present
study. In the sequel, we implement the deformation pro-
cedure and construct the family of models in Sec. III. In
Sec. IV we study the double sine-Gordon model in curved
space time, in a braneworld model with a single extra di-
mension of infinite extent. There we focus on the profile
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of the warp factor, the energy density and stability of the
model.
We close the work with comments and conclusions in
Sec. V. There we briefly show how to use the composed
deformation, in which one uses the same deformation to
deform the deformed model once again. This iterative pro-
cedure changes the periodic behavior of the sine-Gordon
model into a new, quasiperiodic behavior for the deformed
model.
2 Generalities
We start considering models described by the Lagrange
density
L “ 1
2
BµχBµχ´ V pχq, (1)
where V pχq is the potential which specifies the model un-
der consideration, described by the real scalar field χ “
χpx, tq. Furthermore, xµ “ px0 “ t, x1 “ xq. For simplic-
ity, we are using natural units, and we have rescaled the
field, the space and time coordinates as well, to make them
dimensionless.
Some basic facts about topological solutions are briefly
reviewed in what follows, focusing our attention on static
fields. The equation of motion for χ “ χpxq is given by
d2χ
dx2
“ dV
dχ
. (2)
Topological solutions usually appear when the potential is
non-negative, which can be written in the following form,
using W “W pχq,
V pχq “ 1
2
W 2χ , (3)
where Wχ stands for dW {dχ. In this case one gets
d2χ
dx2
“WχWχχ. (4)
The point here is that this equation can be solved by so-
lutions of the first order equation
dχ
dx
“Wχ. (5)
Since the potential does not realize the sign of W , Eq. (5)
can also be seen with W changed to ´W . The approach
then maps the second order equation of motion into two
first order equations, which in general holds for topological
solution.
A topological solution, which solves the first order equa-
tion on the topological section (jk), has energy minimized
to the value EjkBPS “ |W pχ¯jq ´W pχ¯kq|, where χ¯j and χ¯k
are two adjacent minima in the set tχ¯1, χ¯2, . . . , χ¯nu of min-
ima related to the model. This is the Bogomol’nyi bound,
and the solution of the first order equation is named BPS
state [17], which is linearly stable. Since W pχq is a func-
tion of χ, it can be used to define the topological behavior,
which can be seen from the topological current
j
µ
T “ εµνBνW pχq. (6)
This definition for the topological current is different from
the standard form, which uses jµ “ εµνBνχ; see, e. g.,
[1]. Notwithstanding, one can use (6) to show that the
topological charge of the solution equals its energy, apart
from a sign factor, and is more appropriate in general [18].
2.1 Deformation Procedure
We focus attention on the deformation procedure pro-
posed in [8]. An important advantage of using this ap-
proach is that we can in a straightforward way get new
models and construct their topological defects analyti-
cally. Here we briefly review the procedure, starting with
the standard model (1). The model is supposed to sup-
port topological defects and as well as the corresponding
solutions are known analytically. In this paper, we investi-
gate small modifications to the sine-Gordon model whose
potential is given by
V pχq “ 1
2
cos2pχq. (7)
This potential is obtained from the functionW pχq “ sinpχq
and have an infinite number of minima χ¯ “ ˘nπ{2, where
n “ 1, 3, 5, . . .The topological solutions that connect those
minima are
χspxq “ ˘pθpxq ` kπq, (8)
where k “ 0,˘1,˘2, . . . and θpxq “ arcsinptanhpxqq is the
Gudermannian function. The energy is E “ 2, since we
are using dimensionless units.
According to the deformation procedure, we can con-
sider another model, described by
L “ 1
2
BµφBµφ´ Upφq. (9)
Here Upφq is the new potential, which is written in terms
of the starting potential V pχq as
Upφq “ V pχÑ fpφqq
f 12pφq , (10)
where fpφq is the deformation function. In this case, if
χpxq is a static solution of the starting model, then we get
φpxq as a solution of the new, deformed model, which is
given by
φpxq “ f´1rχpxqs. (11)
This is the general procedure, and now we specialize to
the case where the deformation function describes small
deviation from the identity.
Let us choose fpφq “ φ` ǫgpφq, where ǫ is very small
parameter to be used to allow power expansion on it. How-
ever, we should do it with care, since the function gpφq
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cannot increase too much to break the approximation up
to the first order power on ǫ, which shall be implemented
hereon.
Although the deformation procedure holds for a gen-
eral potential, let us concentrate on models controlled by
W , described by Eq.(3). In this case we get that
Upφq “ 1
2
W
2
φ, (12)
where the new W “Wpφq “W pφq ` ǫWǫpφq is such that
Wφ “Wφ ´ ǫ pWφgφ ´Wφφgq . (13)
Thus
Wǫpφq “ ´
ż φ
dφ pWφgφ ´Wφφgq (14)
This is general result, and we can obtain the minima
of the new potential from the equation
Wφ “ ǫ pWφgφ ´Wφφgq . (15)
The minima can be used to find the corresponding energy
in each topological sector, in the form Eij “ |Wi ´Wj |,
where Wi and Wj stand for Wpφiq and Wpφjq, respec-
tively, with φi and φj representing two adjacent minima
of the new potential. Also, from the expression which de-
fines the deformation function we can write, up to the first
order in ǫ, the solution of the new model as φ “ χ´ǫgpχq,
where χ represents a solution of the starting, sine-Gordon
model.
3 New Family of Models
To introduce the new family of models, let us consider
the starting model as the sine-Gordon given by Eq. (7).
As one knows, this model is an important model, and the
above procedure will deform it, leading to other models
which are close to the original model. Moreover, since we
are starting from a periodic potential, one can naturally
choose gpφq periodic, making it limited in a such a way
that the first order approximation in ǫ remains valid in the
full real line. In this way, our main goal is to introduce new
family of models, as the double and the triple sine-Gordon
models. Here we take the deformation function in the form
fspφq “ φ` ǫ sin
ˆ
φ
s
˙
, (16)
parametrized by the two parameters, s and ǫ, real, with ǫ
very small. Using the sine-Gordon model as the starting
model, this function leads to the model described by the
potential (12), where W is now such that
Wφ“cospφq ǫ´
„
sinpφq sin
ˆ
φ
s
˙
` 1
s
cospφq cos
ˆ
φ
s
˙
. (17)
The additional term that arises shifts the minima of the
potential to
φmin˘ “ ˘
´nπ
2
´ ǫ sin
´nπ
2s
¯¯
, n “ 1, 3, 5, . . . (18)
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Fig. 1. Potential of the double sine-Gordon model, depicted
for s “ 1 and ǫ “ ´0.1
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Fig. 2. Potential of triple sine-Gordon model, depicted for
s “ 2 and ǫ “ ´0.1
.
It also changes the maxima
φmax˘ “ ˘
ˆ
mπ ` ǫps
2 ´ 1q
s2
sin
´mπ
s
¯˙
, m “ 0, 1, 2, . . .
(19)
and their respective heights
hm`1 “ 1
2
´ ǫ
s
cos
´msπ
s
¯
, ms “ 0, 1, 2, . . . , s. (20)
The modified potential is realized to have periodicity 2πs.
For s integer, we see that the number of distinct topo-
logical sectors, which are labeled by m, is given by s` 1.
Then, for s “ 1 we get to the double sine-Gordon, for
s “ 2, the triple sine-Gordon model, and so on. The fam-
ily of models which is generated in the present work is dif-
ferent from the family introduced in Ref. [11], since there
we started with another model, and used a different defor-
mation function. To see how the models behave in present
case, in Figs. 1 and 2 the potentials are depicted for s “ 1
and s “ 2, respectively.
For s ‰ 1, the new function W can be written as
W “ sinpφq´ ǫ
2
«
ps` 1q
ps´ 1q sin
ˆ ps´ 1q
s
φ
˙
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Fig. 3. Potential associated to the generalized sine-Gordon
model, for s “ 2{5 and ǫ “ ´0.05.
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Fig. 4. Potential associated to the generalized sine-Gordon
model, for s “ ?3 and ǫ “ ´0.05.
´ps´ 1qps` 1q sin
ˆ ps` 1q
s
φ
˙ff
, (21)
and for s “ 1
W “ sinpφq ´ ǫφ. (22)
We can use W and the minima given by Eq. (18), to
calculate the energy of the topological defect in each one
of the topological sectors of the respective model. The
general expression for W in each minimum is
Wpφmin˘ q “ ˘p´1q
n´1
2
ˆ
1´ 2s
s2 ´ 1 cos
´nπ
2s
¯
ǫ
˙
, (23)
and for s “ 1
Wpφmin˘ q “ ˘
´
p´1qn´12 ´ ǫnπ
2
¯
. (24)
Moreover, the topological solutions associated to the
first order equation (5) can be obtained from the inverse
of the deformation function. Eq. (16) is hence used to get
φpxq “ φ0pxq ´ ǫ sin
ˆ
1
s
φ0pxq
˙
, (25)
where φ0pxq represents the solutions of the sine-Gordon
model, given by Eq. (8); recall that φ0pxq “ χspxq. With
this, it is not hard to calculate the corresponding energy
density, which is given by
ρpxq “ ρ0pxq
„
1´ 2ǫ
s
cos
ˆ
φ0pxq
s
˙
, (26)
with ρ0pxq “ sech2pxq being the energy density of the
corresponding solutions.
Let us now consider the case of the triple sine-Gordon
model, which is obtained with s “ 2. In this case, there
are three kinds of topological sectors. The sectors of the
first kind are described by the following solutions
φ1pxq “ θpxq ` 4lπ ´ ǫ sgnpxq
c
1
2
p1´ sechpxqq, (27)
where sgnpxq is the sign function and l is an integer that
connect the minima
´ π
2
` 4lπ ` ǫ
?
2
2
, and
π
2
` 4lπ ´ ǫ
?
2
2
. (28)
The sectors of the second kind are described by the solu-
tions
φ2pxq “ θpxq ` p4l ` 1qπ ´ ǫ
c
1
2
p1` sechpxqq, (29)
which connect the minima
π
2
` 4lπ ´ ǫ
?
2
2
, and
3π
2
` 4lπ ´ ǫ
?
2
2
. (30)
The sectors of the third kind are described by the solutions
φ3pxq “ θpxq ` 2lπ ` ǫ sgnpxq
c
1
2
p1´ sechpxqq, (31)
which connect the minima
3π
2
` 4lπ ´ ǫ
?
2
2
, and
5π
2
` 4lπ ` ǫ
?
2
2
. (32)
The energy densities of the solutions corresponding to
the three distinct topological sectors are given by
ρ1pxq “
˜
1´ ǫ
c
1
2
p1` sechpxqq
¸
sech2pxq, (33)
ρ2pxq “
˜
1` ǫ sgnpxq
c
1
2
p1´ sechpxqq
¸
sech2pxq,
(34)
ρ3pxq “
˜
1` ǫ
c
1
2
p1` sechpxqq
¸
sech2pxq. (35)
We use Eq. (23) to obtain the corresponding energies
E1 “ 2´ 4
?
2
3
ǫ, E2 “ 2, E3 “ 2` 4
?
2
3
ǫ. (36)
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There are many other values for s which introduce new
features to the deformed models. The specific sequence
s “ 2{3, 1{2, 2{5, 1{3, . . . , leads to interesting potentials,
and to other kinds of sine-Gordon models. To illustrate
this fact, in Fig. 3 we depict the potential for s “ 2{5. The
topological solutions and their amplitudes, widths, energy
densities and energies can all be calculated straightfor-
wardly, using the approach shown above. One can also
take s irrational, leading to quasiperiodic potentials. An
illustration of this is given in Fig. 4, for s “ ?3. As be-
fore, the topological solutions, amplitudes, widths, energy
densities and energies can also be calculated straightfor-
wardly.
4 Double sine-Gordon model in warped
spacetime
Let us now focus on the double sine-Gordon model in a
warped spacetime. From the deformation procedure pro-
posed heretofore, we aim to study and unravel the stabil-
ity of the associated braneworld scenario. It is known that
given a scalar field model by the potential associated to it,
it is possible to compute the warp factor [13]. Therefore,
the braneworld stability and the graviton zero mode can
be analyzed. As the braneworld stability is known for the
sine-Gordon model [14], we aim here to study whether de-
formations of such model, induced by the small parameter,
preserves both the stability and the masslessness of the
graviton. We investigate the double sine-Gordon model,
which is the simplest in the family of new models intro-
duced in the current work.
Here we follow previous studies [14,15,16] and, in order
to simplify the calculations, we represent the double sine-
Gordon model with
W pφq “ 2a2 sinpφ{aq; gpφq “ a cospφ{aq, (37)
where a is a real parameter, to be fixed below. This choice
leads us to
Wpφq “ W pφq ` ǫWǫpφq
“ 2a2 sinpφ{aq ´ 2ǫaφ. (38)
We consider this model in a braneworld scenario with a
single extra dimension of infinite extent, governed by the
action
S “
ż
d5x
a
|g|
ˆ
´1
4
R` 1
2
BµφBµφ´ V pφq
˙
, (39)
where 4πG “ 1. The scalar fields and the warp factor
are assumed to depend merely on the extra dimensional
coordinate y. The potential has the form
V pφq “ 1
8
W
2
φ ´
1
3
W
2, (40)
and the metric is controlled by
ds2 “ e2Apyqηµνdxµdxν ´ dy2, (41)
which represents the standardAdS5 metric. As one knows,
when the scalar field depends solely upon the extra dimen-
sion, the equations of motion
φ2 ` 4A1φ1 “ dV
dφ
; A2 “ ´2
3
φ12 (42)
A12 “ 1
6
φ12 ´ 1
3
V pφq, (43)
reduce to the two first-order equations
dφ
dy
“ 1
2
Wφ;
dA
dy
“ ´1
3
Wpφq. (44)
The potential given by Eq. (40) can be written as
V pφq “ 1
2
W 2φ ´
1
3
W 2 ` ǫ
„
WφWǫφ ´ 2
3
WWǫ

. (45)
Using (38), we get
V pφq “ ´5a
2
12
` 11a
2
12
cosp2φ{aq
´4a3ǫ
„
2
3
sinpφ{aq ´ φ
a
cospφ{aq

. (46)
In this expression, the term depending on ǫ may increase
too much for large values of φ, and this may invalidate
our calculation up to first-order in ǫ. To avoid problem
with this, let us suppose that the scalar field is also small,
varying around φ “ 0. Therefore, we focus attention to
the central sector of the model, where the defect solution
is given by
φpyq “ φ0pyq ´ ǫgpφ0q (47)
“ a arcsinptanhpyqq ´ ǫa tanhpyq (48)
Manipulating the above Eqs. (44), we can express the
warp function in terms of the scalar field
Apφq “ ´2
3
ż φ
dφ
W
Wφ
, (49)
or yet
Apφq“´2
3
ż φ
dφ
W
Wφ
´ 2ǫ
3
ż φ
dφ
˜
Wǫ
Wφ
´ WWǫφ
W 2φ
¸
. (50)
Substituting φpyq “ φ0pyq ´ ǫgpφ0pyqq, we get
Apφq “ ´2
3
ż φ0
dφ
W
Wφ
(51)
`2ǫ
3
«
W pφ0q
Wφpφ0qgpφ0q ´
ż φ0
dφ
˜
Wǫ
Wφ
´WWǫφ
W 2φ
ff¸
.
We use (38) to write
Apφ0q “ ´2a
2
3
lnpcoshpφ0{aqq
´2a
2ǫ
3
«
cospφ0{aq´ 1
a2
ż φ0
dφφ secpφ{aq
ff
. (52)
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In the central sector of the model, the scalar field is small
and the defect solution has the form
φ0pyq “ a arcsinptanhpyqq. (53)
We substitute it and we find the warp factor
Apyq “ 2a
2
3
lnpsechpyqq ´ 2a
2ǫ
3
rsechpyq ´ Lpyqs , (54)
where
Lpyq “
ż φ0pyq
dφφ secpφq. (55)
Here we have set to zero an integration constant that
corresponds to an irrelevant shift in the warp factor A.
Therefore we choose Lp0q “ 1. For y Ñ ˘8 we have
Apyq „ ´p2{3qb´2|y|; thus, asymptotically the warp fac-
tor does not depend on ǫ. Up to first-order in ǫ, the warp
factor is
e2Apyq “ sech 4a
2
3 pyq
„
1` 2a
2ǫ
3
psechpyq ´ Lpyqq

. (56)
In order to examine stability regarding the braneworld
scenario, the metric is perturbed as
ds2 “ e2Apyqpηµν ` hµνqdxµdxν ´ dy2, (57)
where hµν “ hµνpx, yq represent small perturbations. We
choose hµν in the form of transverse and traceless contri-
butions denoted by h¯µν [13]; it follows that
h¯2µν ` 4A1 h¯1µν “ e´2A l h¯µν , (58)
where l denotes the Lorentzian Laplace-Beltrami opera-
tor. This choice makes gravity to decouple from the matter
field. We now use the conformal coordinate dz “ e´Apyqdy,
and also h¯µνpx, zq “ eik¨xe´ 32ApzqHµνpzq; in this case, Eq.
(58) becomes the Schro¨dinger-like equation
´ d
2Hµν
dz2
` V pzqHµν “ k2Hµν , (59)
with the associated potential
V pzq “ 3
2
A2pzq ` 9
4
A12pzq. (60)
As the Hamiltonian in Eq. (59) can be expressed as H “`´ d
dz
´ 3
2
A1
˘ `
d
dz
´ 3
2
A1
˘
, it implies that k is real, and
k2 ě 0. We then conclude that no negative energy bound
state is present, so the brane is stable.
The conformal coordinate z is written as
z “
ż
dy cosh
2a
2
3 pyq (61)
`2a
2ǫ
3
ż
dy
”
pcoshpyqq 2a
2
3
´1 ´ pcoshpyqq 2a
2
3 Lpyq
ı
.
We choose a2 “ 3{2 to obtain
z “ sinhpyq ` ǫ
ˆ
y ´ sinhpyqLpyq ` 3
2
Mpyq
˙
(62)
Fig. 5. The volcano potential V pzq, associated to the
Schro¨dinger-like equation (59), depicted with solid and dashed
curves, for ǫ “ 0 and ´0.1, respectively.
with
Mpyq“ 1
6
ż φ0
dφφ tanp
a
2{3φq secp
a
2{3φq, (63)
and Mp0q “ 0. We invert (62) to get
ypzq “ arcsinhpzq ` ǫyǫpzq, (64)
where
yǫpzq “ ´ 1?
z2 ` 1
„
arcsinhpzq (65)
´zL parcsinhpzqq ` 3
2
M parcsinhpzqq

.
We now substitute y “ ypzq in (54) in order to obtain
Apzq “ ´1
2
lnp1` z2q ` ǫAǫpzq, (66)
where Aǫ can be found from (64) and (54).
The associated potential (60) is given by
V pzq “ 3
4
p5z2 ´ 2q
p1` z2q2 ` ǫ Vǫpzq, (67)
with
Vǫ “ 3
2
A2ǫ `
9
4
z
1` z2A
1
ǫ. (68)
We depict in Fig. 5 the potential V pzq for ǫ “ 0 and ´0.1.
It is of the volcano type, and the zero mode is the only
bound state, thus ensuring stability and masslessness of
the graviton.
5 Comments and conclusions
The quasiperiodic behavior of the potential can be better
seen if one changes the deformation function appropri-
ately. Actually, we note that the same deformation func-
tion can be subsequently used to deform the deformed
model afresh. Since ǫ is small parameter, if one uses g1pφq
for the first deformation, and g2pφq for the second one,
one ends up with the deformation
fpφq “ φ` ǫpg1ps1q ` g2ps2qq. (69)
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Fig. 6. Potential regarding the generalized sine-Gordon model,
for s1 “ 1, s2 “ 2 and ǫ “ ´0.1
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Fig. 7. Potential regarding the generalized sine-Gordon model,
for s1 “
?
2, s2 “
?
3 and ǫ “ ´0.1
.
Note that the procedure can be repeated iteratively, evok-
ing interesting deformations. Here, however, we only dis-
cuss the second iteration, which is explicitly given by Eq.
(69). If the sine-Gordon potential is deformed with the
function (69), we get to a diversity of interesting poten-
tials. A typical example of this depicted in Fig. 6, for
s1 “ 1 and s2 “ 2. Another interesting case is given
by s1 “
?
2 and s2 “
?
3, which is depicted in Fig. 7.
This last case enhances the quasiperiodic behavior of the
potential in a significant way, as commented above. As be-
fore, all solutions can be obtained, and the corresponding
amplitudes, widths, energy densities and energies straight-
forwardly.
The procedure implemented in Sec. III engenders a
diversity of possibilities, with all topological defects be-
ing explicitly constructed from the topological defects of
the sine-Gordon model. The solutions, and their ampli-
tudes, widths, energy densities and energies are straight-
forward to be obtained. The models can be studied in a
simple way, and the suggested family of models can be
used for practical applications in a diversity of scenarios,
in particular in the braneworld context in five dimensions,
with a single extra dimension of infinite extent, with the
brane being stabilized by a real scalar field [13,14,15,16].
A study on this was introduced in Sec. IV, where the dou-
ble sine-Gordon model was investigated in the standard
AdS5 spacetime.
Since the procedure involves a small deformation of a
given model, it can be used in a more general sense, to
study small deformations of other models, of interest to
high energy physics and to other branches of nonlinear
science. For instance, we can start from the double sine-
Gordon model, instead of the sine-Gordon, to generate an-
other family of models. Moreover, the same methodology
can be applied to more general models, including the case
where the dynamics of the scalar field is modified, to deal
with higher order power in the first derivative of the field,
which is also of current interest to high energy physics.
In particular, the presence of higher order power in the
derivative of the field can be used to the study of twinlike
theories [19], which are distinct models having the same
defect solutions, with the very same energy density. For
models with generalized dynamics, we can also study the
presence of compactons, which are defect solutions living
in a closed, compact interval of the real line [20]. Some of
these issues are presently under consideration, and will be
reported elsewhere.
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